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—> Inertial frame (Fixed) Forces acting on Ps:
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Buoyancy Force: Fp = MRB,
3p3
Attraction of Ps: Fi3p = 2G1n—272713 (ﬁl + Rg) ,
(R1 +4 Rg) —4]2
4 *
7, Attraction of fluid: F4 = —w%GmSng.

Figure 1: Configuration

Considering all above forces, Viscosity, and perturbation in the Coriolis and centrifugal forces, the
equations of motion in rotating coordinate system Oxyz with dimensionless variables are:
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Equations of Motion

= 2n1y = —ai + Wy,
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Here, ¢1 and ¢ are the perturbing parameters in the Coriolis and centrifugal forces respectively
and «, a positive constant, is the viscosity parameter.
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Equilibrium Points

Collinear equilibrium points
Two Collinear equilibrium points: L., (z1,0,0) and Ly, (x2,0,0),
p(l+12)
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2 Zm {(1 + 1) (= 2) + 2k(1 — p) — /B + 212[2 + 2k2 4 2k(u — 2) — 4p + p2] | + ge,
()
with B = p(4k + u — 4) and g is given by Eq. (4).
_2 (72k372k2u+6k27ku2+2ku—ku\/§—6k+2 + —2ku7\/§+2k+p72) . (—2kp—VB+2k+p—2)
= 2(k—1)>VB 2(k-1) 20—1) @

2(1_ f 16(k=1)3p
! (1 \/E(\/E+u)5> + (VB+n)® k+l
f=32(k — 1)°u(3k’u — k*VB + 9k*1i* — 9k pu + 3k VB + 3k>VB + 3kp® — 9ku® + 3kp’VB

+ 9kp — 3kpuVB — 3kvVB + VB — 3u).

The point L, (z1,0,0) is always an equilibrium point, whereas L, (z2,0,0) will be an equilibrium
point provided k > 1+ 2.
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Equilibrium Points

Non-Collinear and Out-of-plane equilibrium points

Infinite Non-Collinear equilibrium points: L,,(z,y,0) (y # 0), which lie within the spherical
shell as well as on the circle given by following equation

(1-—p—x)’+y° = [(1—%5) (1—;12”2 (5)

provided k = (14 €)(1 — p)(1 +1?).
To sum up, a non-collinear equilibrium point has coordinates L., (a,b,0), where

a=1—p— (1 — %) (1 — %l2) cosf, b= (1 — %) (1 — %l2> sin 6.
Two Out-of-plane equilibrium points: L, (%(1 —1%),0,£/03 — a%) ,

(1—p)
exist provided k < 0 and k + u + 2ul® > 0.

1/3
ar=1—p+k(e—1) andblz(—%—kki"iﬁ)
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Stability analysis

Stability of the equilibrium point Ly,

Theorem 1 (Stability criterion for L,,)

6p2+2u+ =k

Let k # 1+ 2u and ¢z # cs.
€ < min{er, ¢, €3}

, @ Fork <14 2u—3p?, the equilibrium position L., (z1,0,0)
& of the system (1) is asymptotically stable if

c1 < e < min{ca,cs} and stable if € = c1 or

. e = min{ca,c3}.

" Le<t ’ @ Forl+2u—3u? <k<1+2u, the equilibrium position
L, (21,0,0) for the system (1) is asymptotically stable if
max{ci,c3} < € < ca and stable if € = c2 or

02 ow Fos os R e = max{ci,cs}.

T o @ Forl+2u<k<1+42u+6u>, the equilibrium position
L., (x1,0,0) for the system (1) is asymptotically stable if
co < € < min{ci,cs} and stable if e = ca or

Figure 2: Bifurcation diagram for e = min{ci,cs}.

Theorem 1 showing the stability 2 o .
conditions for the equilibrium @ Fork>1+2u+6u°, the equilibrium position Ly, (z1,0,0)

position Ly, in pk-plane. for the system (1) is asymptotically stable if
e < min{ci, ce,c3} and stable if e = min{ci,cz, c3}.
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Where

Cl:_,u+k+2,u12
3uAo ’
02:_l2(1—|—4,u)—|—1—|—2/_1,—/{2
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Stability analysis

Stability of the equilibrium point L,

(Mﬁ)“:mu(k-l)‘

Theorem 2 (Stability criterion for L,.,)

Let k> 1412 and ch # 5.

| cy<e<ming, o) Q@ For (u+ \/E)G < 48(k — 1)*p, the
(s VE) <s8pth 1y equilibrium position L, (x2,0,0)

of the system (1) is asymptotically

3 stable if c5 < € < min{ci,cs} and

stable if € = c3 or e = min{cy,ch}.

'y <e<min{cy, c’3) @ For (l,L + \/§)6 > 48(k' = 1)4,u, the
{1+ VE)' > aspik 1y equilibrium position Ly, (z2,0,0)

of the system (1) is asymptotically

stable if ¢} < e < min{ch, 3} and

stable if € = ¢} or € = min{ch,cs}.

v
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Figure 3: Bifurcation diagram for Theorem 2 showing the
stability conditions for the equilibrium position L, in
pk-plane.
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Stability analysis

Stability of the equilibrium point L,

Where
C,*A2_2Al_k c’,k‘_4A1+2A2_1_l2 C/7k+2A1_A2_1_l2 (7)
1 — A4 y L2 — Ad y L3 — A4 )
with
_1\3 1\4 4
A1:4u(k 1)7 3:1+96u(k 1) 7144:1748;1(k 1),
(n+VB)3 (n+VB)S (1 + VB)S

1

16(k — 1)2l2u{3(k 1 <k2 +k (\/E - 2) + 1) 4 3kt

3ki® (VB + 3k = 3) + (k- 1)° (—\/E)} .

Non-collinear equilibrium points : Unstable

Out-of-plane equilibrium points : Unstable
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